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Stimulated orientational scattering and third-order nonlinear optical processes
in nematic liquid crystals

P. Etchegoin* and R. T. Phillips
Cavendish Laboratory, University of Cambridge, Madingley Road, CB3 OHE, Cambridge, United Kingdom

~Received 3 July 1996!

We study two different effects intimately related to the existence of a third-order nonlinear optical suscep-
tibility x (3) in a nematic liquid crystal. We first present data and calculations on stimulated orientational
scattering and show that it can be accounted for by a four-wave mixing process in which noise is coherently
amplified to the extent that it can deplete the input pump wave almost completely. On the other hand, we show
the formal relation between four-wave mixing~as a laser-induced grating process! and the theory of photonic
band structures, giving rise to a suitable formalism for the study of different experimental situations. It is
suggested that thephotonic crystalapproach to four-wave mixing can be used to evaluate the diffraction
efficiencies of the probe beam for different polarizations and scattering directions in a relatively easy manner.
Finally, we predict by using this formalism the existence ofumklapp four-wave mixingevents in which the
phase matching of the waves is achieved by a reciprocal lattice vector of the grating itself.
@S1063-651X~96!02112-5#

PACS number~s!: 61.30.Gd, 42.70.Df, 42.65.Hw, 42.65.Jx
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I. INTRODUCTION AND OVERVIEW

The field of nonlinear optical properties of liquid crysta
is in a relatively mature stage@1#. Liquid crystals are noto-
rious for the large magnitude of their nonlinear optical s
ceptibilities. Typically, a nematic liquid crystal will have
third-order nonlinear optical susceptibilityx (3) of the order
of ;10222–10223 Cm V23, which is about eight orders o
magnitude larger than that of CS2 @1#. These large optica
susceptibilities allowed the observation of several nonlin
optical effects at relatively low powers by using consta
wave ~CW! lasers instead of the high-power pulsed las
normally needed for semiconductors@1#. In this paper we
deal with two CW-nonlinear optical effects related to t
existence of a largex (3) in nematics. A brief description o
the underlying concepts needed for the discussion and
general aims of the paper are given here in what follows

The macroscopic order of a nematic liquid crystal at a
point in spacerW is specified by the directornW (rW) @2#. Nematic
liquid crystals are centrosymmetric in all their physical pro
erties depending onnW (rW), i.e., although the individual mol
ecules~or mixtures of molecules! may not have inversion
symmetry, the nematic state is such that the macrosc
physical properties are not changed by the opera
nW (rW)→2nW (rW). The latter is one of the fundamental assum
tions of the theory of the nematic state@2#. The centrosym-
metric character infers from the point of view of the nonli
ear optical properties thatx (2)50, in other words, second
harmonic generation, up- and down-conversions, param
amplifications or oscillations, etc., are all forbidden in bu
nematics @3#. The lowest possible nonlinear optical su
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ceptibility is thereforex (3), which is responsible for two- and
four-wave mixings@1#, self-focusing and self-phase modul
tions @4#, stimulated Raman and Brillouin scattering@5#,
third harmonic generation@6#, etc. The microscopic origin o
x (3) in liquid crystals can vary according to the experimen
circumstances but, essentially, it may come from either e
tronic transitions, molecular reorientations, density and te
perature gratings, or combinations of them@7#. In the trans-
parency region, which for most nematic liquid crysta
extends through the visible range, all mechanisms are im
tant under the appropriate circumstances, except the e
tronic contributions, which are small far from the lowe
highest-occupied-molecular-orbital~HOMO! to lowest-
unoccupied-molecular-orbital~LUMO! transition@1#.

So far, we have established that the nematic state
have a large nonlinearityx (3)Þ0 and that different mecha
nisms can contribute to it. On the other hand, thelinear
optical properties are characterized by a birefringent m
dium. Nematics are naturally birefringent due to the fact t
the refractive indices for polarizationi or ' to nW (rW)
(ni ,n') are different, and large optical anisotropies in t
visible Dn5ni2n';0.2 are commonly found. A key fea
ture of nematics is also the high efficiency with which th
scatter light elastically@8,9# through fluctuations in the direc
tor. Elastic light scattering is in fact smaller in the isotrop
phase of a liquid crystal~where the molecules are random
oriented! than in the nematic state@1# and this is easily seen
through a characteristicdynamic laser speckle patternob-
served in lasers crossing a nematic cell. The drastic cha
in the elastic scattering cross section between the isotr
and the nematic state is, in fact, the reason for calling
nematic-to-isotropic phase transition temperature aclearing
point.

We now have all the tools needed to introduce the ori
of stimulated orientational scattering~SOS!. Suppose we
have the following situation: an optical plane wave is se
though a nematic so that its polarization is either perpend
lar ~ordinary, or o ray! or parallel ~extraordinary,
5603 © 1997 The American Physical Society
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5604 55P. ETCHEGOIN AND R. T. PHILLIPS
or e ray! to the directornW . We know the medium hasx (3)

Þ0 but, as we shall show in Sec. II, unless additional wa
are introduced,x (3) can only produce self-phase modulatio
of the wave~or transverse phase modulation if the beam
not a plane wave! but not change its polarization. On th
other hand, we have a very large cross section for ela
scattering through fluctuations of the director which can p
duce waves of any polarization. In a linear medium t
would simply result in loss and degradation of the polari
tion state of the input pump wave and the generation
scatterednoisewaves. In this particular case, however, bo
mechanism can cooperate to give rise to the appearance
new phenomenon. A small portion of the input wave~say,
o ray! scattered perpendicularly (e ray! can now couple
throughx (3) to the input wave again and actually grow c
herently out of this interaction. Following the general pri
ciples of stimulated and spontaneous emission@10#, the new
wave may become stimulated if the pump power is h
enough to overcome the inevitable losses. This is the un
lying principle of SOS. Essentially, a cross-polarized wa
with respect to the pump is monitored in transmiss
through a nematic liquid crystal and exponential growth
observed above a certain threshold. Thistransferof energy
between the two polarizations has its roots in the interp
between noise and nonlinearity. In a broader sense, SO
not the only known case of cooperation between noise
nonlinearity. The most celebrated example of this kind
probably the phenomena ofstochastic resonances@11# in
which a signal buried in noise in a nonlinear system is a
plified ~and its signal-to-noise ratio improved! by actually
increasingthe noise amplitude; something completely co
trary to the premises of linear systems.

The transient aspects of the orientational scattering h
been studied by Zel’dovichet al. @12# using pulsed lasers
More recently, Khoo, Liang, and Li@13# correctly predicted
with a coupled wave formalism the existence of SOS us
low-power CW lasers and observed it experimentally
nematics, together with self-starting phase conjugation
Sec. III we give a slightly different treatment of SOS. W
show that SOS can be conceived as a degenerate four-
mixing process coupling theo ande rays~with both1kW and
2kW ) and we show that the stimulated wave not only gro
exponentially above a certain threshold but also may disp
saturation effects by depleting the pump. We show data
the various polarizations and demonstrate the existenc
saturation phenomena. The experiments~in particular, the
saturation effects! are compared with the predictions of th
four-wave mixing treatment.

Moreover, the second part of the paper~Sec. IV! presents
an analogy which may prove useful in studying wave mixi
phenomena in liquid crystals and beyond. In recent year
has become increasingly apparent that the propagatio
electromagnetic waves in periodic dielectric structu
~PDS’s! is not only very interesting but also displays ne
wave phenomena@14#. A great deal of work using differen
methods has been done to calculate the so-calledphotonic
band structuresof the electromagnetic waves in a period
grating made of dielectrics. Likewise, the phenomenon
four-wave mixing can, in some cases, be regarded as diff
tion of a probe beam produced by a laser-induced grat
s
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The grating is created by two interfering pump beams n
mally of higher intensity than the probe. Therefore, an ob
ous question arises regarding the possible link between t
two distinct problems. The formal connection between
four wave-mixing equations and the theory of photonic cr
tals is given in Sec. IV. It is shown how the link can be us
backwards to predict, among other things, diffraction e
ciencies of the four-wave mixing signals and the existence
umklapp processes. In the latter, the phase-matching co
tion of the four waves is achieved through a reciprocal latt
vector of the laser-induced grating itself.

In order to develop the above-mentioned effects furthe
brief introduction to the nonlinear coupled Maxwell equ
tions with x (3)Þ0, to uniformize the notation and facilitat
the discussion, is unavoidable. This is done in Sec. II.

II. COUPLED MAXWELL EQUATIONS WITH x „3…Þ0

This section is a standard textbook example of coup
Maxwell equations in nonlinear optics. We therefore ke
details to a bare minimum and refer the reader to some of
best known books in the field. We follow closely Ref
@1,16–18# in the presentation.

Consider a nonlinear optical material withx (2)50 and
x (3)Þ0. Its polarizationP will be given by

P5e0xE14x~3!E35e0xE1Pnl , ~1!

whereE is the electric field of the light,x the linear optical
susceptibility, ande0 the permittivity of free space. We dro
indices in the vectors and tensors to facilitate the notati
We also assumex andx (3) to be dispersionless in the regio
of interest@19#. Maxwell equations for the electric field o
the light become@16–18#

¹2E2
n2

c2
]2E

]t2
5m0

]2Pnl

]t2
, ~2!

with Pnl54x (3)E3, c the speed of light in a vacuum,m0 the
permeability of free space, andn2511x the linear index of
refraction. By assuming the fieldE to be a linear combina-
tion of four waves

E~ t !5 (
q51, . . .4

Re@Eqe
ivqt# ~3!

with Eq5Aqexp(2 ikWq•rW), and collecting terms of the sam
frequencies in~2!, four Helmholtz equations are obtained
the form

S ¹21
n2vq

2

c2 DEq5Ŝq1S vq

c D 2DxqEq , q51, . . . ,4 ~4!

with Ŝ156m0v1
2x (3)E3E4E2* , Ŝ256m0v2

2x (3)E3E4E1* ,
Ŝ356m0v3

2x (3)E1E2E4* , Ŝ456m0v4
2x (3)E1E2E3* , and

Dxq5(6g/e0)x
(3)(2I2I q), where I q5uEqu2/2g,

(g5Am0 /e0/n) and I5I 11I 21I 31I 4 the total and indi-
vidual intensities of the waves, respectively. The four-wa
mixing process can be interpreted as a photon interac
given by the Feynmam diagram of Fig. 1, where energy a
wave-vector conservation ~phase matching! require
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55 5605STIMULATED ORIENTATIONAL SCATTERING AND . . .
v11v25v31v4 andkW11kW25kW31kW4. The contributions of
Ŝq in ~4! are responsible for the interference of the bea
and grating formation, while the second terms}Dxq repre-
sent arenormalizationof the linear optical constants due
the intensities of the beams, and are therefore responsibl
phase modulations.

The system of coupled nonlinear equations~4! can sustain
solutions in which one, two, or four waves are involved. A
of them are of some importance in the forthcoming disc
sion and, accordingly, we summarize their characteristics
only one plane waveE1 is present in~4! with E25 E35
E450 then, the solution is a plane wave with constant a
plitude but an intensity-dependent phaseE15 uE1uexp(if)
with f}I 1. This is self-phase modulation and can produ
self-focusing if the beam is not a plane wave but rathe
beam with an intensity profile perpendicular tokW , for ex-
ample, a Gaussian beam. If two beamsE1 andE2 are differ-
ent from zero andE35E450, then ~4! can bear a direc
interaction between them without generating further wav
Direct two-photon interactions are impossible in materi
with x (2) only, where a third~idler! wave must be presen
The system of equations~4! reduce, in this case, to tw
coupled nonlinear equations with Ŝ15Ŝ250 but
Dx1(I 1 ,I 2) and Dx2(I 1 ,I 2)Þ0. The two waves phas
modulate each other. Finally, three waves cannot be the
lution of ~4! without generating an additional fourth one, a
the four-wave process is the most general of all sustaine
x (3) in ~4!. In Sec. III we will be interested in the self
modulation of a single beam and in the four-wave proces
which uE1u@uE2u, uE3u anduE4u, being the fieldsE2,3,4 com-
ponents generated by noise. In Sec. IV, we shall deal w
the two-beam interaction forming a grating and the fo
wave process rendering the diffraction of a weak probe
the grating. Further details are given in the correspond
sections.

III. STIMULATED ORIENTATIONAL SCATTERING

As mentioned in the introduction, the basic experime
for the detection of SOS consists of monitoring a cro
polarized beam with respect to the pump which, in turn

FIG. 1. Four-wave mixing process as a photon interaction. T
mixing is governed by the coupled nonlinear equations~4! and the
requirement of energy conservation and phase matching of

waves impliesv11v25v31v4 and kW11kW25kW31kW4, which are
schematically shown in~a! and ~b!, respectively.
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polarized as either ano or e ray. The schematic experimenta
setup is given in Fig. 2~a!. A linearly polarized Ar1 laser
beam is sent through a nematic liquid crystal~LC! cell with
planar alignment@1#. The cell can be rotated so that the inp
beam is either ano or an e ray. The transmitted signal is
normally detected in crossed polarization but, as we s
show in this section, the parallel detection is also interest
and shows the consequences of saturation of the pump b
Figure 2~b! displays the basic microscopic mechanism
SOS. In this particular case, an inputo ray is sent through a
planar nematic LC cell. The molecules, however, fluctu
around their equilibrium positions and this leads to scatter
by director fluctuations@8# around its averagênW &. This is

shown schematically in Fig. 2~b!. If we call zŴ the direction of

^nW &, xŴ the direction of propagation andyŴ the direction of the
input o ray, the polarizability tensor for a perfectly ordere
LC cell without fluctuations is

S x' 0 0

0 x' 0

0 0 x i

D , ~5!

e

he

FIG. 2. ~a! Basic experimental setup for the observation of SO
A linearly polarized Ar1 laser is sent through a planar LC cell as
o or e ray. The beam is directed by dielectric mirrorsM . The
intensity of the input beam is controlled by a filter wellFW and
focus with an input lensL onto the cell. The output is polarize
throughP, attenuated with neutral density filtersF, and focused by
the collecting lensL onto the detectorD. In ~b! we show the mi-
croscopic origin of the cross polarized SOS. The dynamic fluct
tions of the director~shown schematically on the left! produce scat-
tering from theo to thee ray and these new waves couple again
theo ray by means of the nonlinearity of the medium. The proc
may result in a stimulated wave at crossed polarization if the int
sity of the input beam is high enough. See Sec. III for furth
details.
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5606 55P. ETCHEGOIN AND R. T. PHILLIPS
wherex' andx i are the polarizabilities for theo ande rays,
respectively, which are related to the microscopic pola
abilities of the individual molecules@20#. If the director fluc-
tuates by a small angleQ around^nW & in the direction parallel
to the input polarization@as shown in Fig. 2~b!# the polariz-
ability tensor~5! has to be rotated by the same amount a
its contribution toP for E5(0,Ey,0) becomes

P;x'EyyŴcos
2Q1~x i2x'!EyzŴsinQcosQ ~6!

whereQ!1 is approximately given by;dny /unW u (dny is
the fluctuation in the director' to nW ). Using the standard
Ericksen-Leslie approach@21–24# for the dynamics of the
director,dny is governed by a differential equation accoun
ing for the total balance of torques acting onnW and reads@1#

g
]dny

]t
2K

]2dny
]x2

5
De

16p
~EzEy*1Ex*Ey!, ~7!

with g andK the viscosity and effective elastic constan
respectively, andDe5 dielectric anisotropy of the LC. In the
steady state and assumingdny5udnyuexp(ikW•rW) we obtain
from ~7! udnyu}Re@EzEy#. By replacing this result back into

~6! with cosQ;1 and sinQ;Q;udnyu}EzEy we obtain azŴ
component ofP}EzEy

2 , i.e., a third-order nonlinear optica
interaction along the cross-polarized direction. Using t
formalism, Khoo, Liang, and Li@13# have predicted that a
stimulated cross polarized wave should appear of the f
Ez;uEzuexp(igI y), with I y}uEyu2 and g a gain coefficient
@21#. The scattering processe→o is expected to be equiva
lent to theo→e and bestows the same gain coefficient. T
solution is approximate in the sense that for high intensi
I y}uEyu2, Ez may grow exponentially and render a wave
the same order of magnitude ofEy which has to wane, ac
cordingly, if energy is to be conserved. Indeed, once
endorsed the fact that a third-order nonlinear interaction
responsible for the coupling of waves of the same energy
different polarizations, the most general process of this k
can be set forth by means of the coupled wave equations~4!.
For a given energyv, there are four waves which can b
coupled elastically, to wit: twoo rays with wave vectors
kWo56nokW , and twoe rays with kWe56nekW , wherekW is the
wave vector of the light in vacuum andne,o the correspond-
ing indices of refraction fore and o rays. In terms of the
diagram in Fig. 1, these events are characterized by the
generate four-wave mixing processv15v25v35v45v,
andkW152kW25nokW , kW352kW45nekW . The interaction is auto-
matically phase matched and energy conserving. Let us s
briefly the consequences of~4! in the following situation: we
assume a polarized inpute ray starting atx50 and the other
three waves are selected at random to simulate the effe
the noise by director fluctuations. The amplitudes of
noise waves are negligible with respect to the pump. Gi
these initial conditions, we then study the propagation of
four waves in a typical LC cell. We employ the slowly var
ing envelope approximation@16–18# ~SVEA! to solve the
nonlinear coupled wave problem~4! and display the result in
Fig. 3. We assume the fields to be plane waves for simp
ity. We study the propagation through a LC cell with typic
-
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parameters given in the figure. As a function of the prop
gating distancex, we plot in Fig. 3 the normalized intensitie
of the four waves participating in the process. Atx50 ~the
input face of the cell! thee ray is the dominant one and th
other three waves~which model the effect of noise throug
elastic scattering! are negligible. As the waves evolve insid
the cell, the small amplitudes of the noise-induced rays s
to grow out of their interactions among themselves and
pump. If the input electric field is high enough~this is the
case in Fig. 3!, the noise-induced waves may grow dras
cally to the extent that they can appreciably use up the
ergy of the pump beam. Note that the total energy in Fig
of the four waves remains constant as required by ene
conservation. On account of the interaction among
waves, the energy carried in the1kW direction is larger for the
o ray than for thee ray at the end face of the cell, i.e.,there
has been an effective transfer of energy between the

polarizations for the waves traveling in the1kW direction.
This is seen experimentally, as we shall show in the n
subsection, by measuring both theo- and e-transmitted in-
tensities.

Experiment

We use the liquid crystalE7 ~Ref. @25#! in a planar
aligned LC cell at room temperature for the experimen
E7 is a nematogen mixture of 4-alkyl-48-cyanobiphenyls and
terphenyls@1# with wide nematic range, a reasonably hig
nematic-to-isotropic phase transition temperatu
(TN2I;63°), and negligible residual absorption at the 514
nm line of the Ar1 laser~less than 0.01 cm21). The negli-
gible absorption and highTN2I prevent a possible jump to

FIG. 3. Coupled waves crossing an LC cell. We use the typ
parameters: d5thickness of the cell5100 mm, ne51.75,
no51.55 (Dn50.2), x (3)55310223 Cm V23, incident field (e

ray! Ee(1k¢)58.73104 V/m, energy and wave vector of the inpu

wave v53.731015 sec21, kW51.223107 m21 ~corresponding to

the 514.5 nm line of the Ar1 laser!. Theo ray with 1kW and both

o ande rays with2kW are generated by noise atx50 and taken to
be fields with random phases and amplitudes; 1% of the input
wave. As the waves propagate through the cell, there is an am
fication of the noise which can tone down the pump wave. T
nonlinear coupled waves~4! are solved by means of the slowl
varying envelope approximation. Note that the total energy rema
constant but there is an effective transfer of energy between the

ando rays in the waves with1kW . See text for further details.
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the isotropic phase by residual heating or related effects.
alignment is achieved by the Chatelain method@26# of rub-
bing the cell windows along a fixed direction with 0.3mm
grain size diamond paste. A 100mm mica spacer is use
between the two scraped windows to form the cell. The p
nar alignment is checked by the conoscopic patterns in tr
mission through crossed polarizers under the microscope@2#.
The cell is mounted at the focal point of the first lens in F
2~a! in a rotating frame which allows a change frome to o
rays with minimum effort. Figure 4~a! shows a typical cross
polarized spectrum of SOS from theo to the e ray as a
function of input power. A sudden increase in the intensity
found above a certain threshold and this is followed by
plateau and a second sharp increase. This is telling us
the cross-polarized stimulated scattering is a more com
cated process than a simple exponential growth. To test
performance of the setup in Fig. 2~a!, and check that none o
these features are artificial, we show in Fig. 4~b! the result of
replacing the LC cell with a diffuser and an empty cell, r
spectively. The diffuser produces a fairly isotropic distrib
tion of polarizations and the signal is proportional to t
input power. The empty cell is observed in crossed polar
tion and gives a measure of possible background signals
leakage. The detector response is linear and the leakage
ligible within the experimental error.

Figure 5 exhausts all possible combinations of inp
output polarizations. The input wave is either ane or o ray
and the analysis is done for parallel or crossed polarizatio
bring forth the four possible casese→e, e→o, o→e and
o→o. As explained before, no essential difference is
pected between the casese→o, o→e and the same holds fo
e→e, o→o. Figure 5 shows that the cross polarized ca
are delineated by a flat region~of the same order of magni
tude of a leakage signal! followed by a sudden increase,

FIG. 4. ~a! Crossed polarized scatteringo→e for the liquid
crystalE7 at room temperature as a function of input intensity. No
the presence of a sudden increase followed by a plateau a
second sharp increase. The plateau is associated with the pow
which the pump beam starts to be depleted, as we shall show in
5. In ~b! we show the response of the detector to a diffuser place
the cell position and, in addition, the leakage observed through
empty cell. The response is linear~note the logarithmic horizonta
scale! and the leakage negligible within the experimental error.
he

-
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-
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eg-

-

to

-
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plateau, and a second increase at higher input powers. C
versely, the parallel polarized cases show a constant lin
increase with the input power up to a point~coincident with
the increase of the corresponding cross-polarized signa! in
which the signal starts to fade away.By increasing the input
power above this point we obtain less light polarized in t
same direction of the laser after transmission. There is a
small difference between the thresholds for SOS when s
ing with ane or o ray, as seen in Fig. 5. This disparity i
however, attributed to small differences in the focal ar
when the cell is rotated and not to a fundamental phys
phenomenon. Note that the experimental results are give
a function of input power. In order to transform the incide
power to an input electric field, the focal area~beam waist!
has to be known accurately. This is a source of uncerta
on which we shall comment later. If we replace the LC c
in Fig. 2~a! with an identical cell filled withE7 in the nem-
atic state but unoriented~unpolished windows!, we obtain
the result displayed in Fig. 6 for the same input power ran
The result in Fig. 6 attests that a liquid crystal in the nema
state without orientation imposed by the boundaries is a v
effective diffuser and none of the features observed in t
aligned sample in Fig. 5 are seen here. A possible sourc
problems in the experiment is the presence of transve
phase modulation of the input beam@27# which may change
the far field beam profile and the amount of light gathered
the collecting lens in Fig. 2~a!. The collecting lens and de
tector have a fixed numerical aperture and the amoun
light detected will vary if the beam is divergent or has a
other variation in the far field as a function of the intensi
The signal will not vary, however, if the main contributio
comes from parallel paraxial rays. In order to check this,
measure the SOS signal for different distances

a
r at
ig.
at
n

FIG. 5. The four possible scattering configurationso→e,
o→o, e→o, ande→e in the planar oriented liquid crystalE7. The
cross polarized signals, as in Fig. 4~a!, show a flat region followed
by an increase at a certain threshold, a plateau, and a furthe
crease at higher powers. The parallel polarized signals, on the
trary, increase almost linearly with the input pump up to a po
~coincident with the increase of the cross polarized scatter!
where the signal starts to decrease. These features reveal the
ration of the pump by the cross-polarized wave as in Fig. 3. T
solid lines are theoretical curves with typical parameters forE7

using the degenerate four-wave mixing approach explained in
text.
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tween the cell and the collecting lens. This is shown in F
7 where we use a fixed collecting lens of 10 cm focal len
and 5 cm diameter and measure the cross-polarized sca
ing for different distances between the cell and the lens.
quite clear that the features of the signal~in particular, the
plateau! come from parallel paraxial rays and not from var
tions in the light collected by the fixed numerical aperture
the detection stage.

The depletion of the pump wave and the existence o
plateau in the cross-polarized signals can be well accou
for by the theoretical curves obtained from the four-wa
mixing formalism presented above and are shown in Fig

FIG. 6. Transmitted intensity for parallel and crossed polari
tions when the planar aligned LC cell in Fig. 2~a! is replaced by an
identical cell with no orientation imposed on the nematic. Bo
signals increase linearly~note the logarithmic scale! with the input
power and are the same within the experimental error. This
shows not only the effectiveness as a diffuser of a nematic~based
on the elastic scattering mechanism explained in the text! but also
that none of the features of Fig. 5 appear in an unoriented sam

FIG. 7. A nonlinear film like an LC cell with an oriented nem
atic can produce wave-front distortions in a beam and there
change the amount of light collected in the far transmitted field
a detector with a fixed numerical aperture. No change is expect
the main contribution to the signal comes from parallel parax
rays crossing the sample. Here we show three cross-polarized
signals obtained by changing the distanced between the collecting
lens~f510 cm! and the LC cell. All curves show the same featur
at the same input powers, in particular, the plateau describing
saturation of the pump is clearly reproduced in all of them.
.
h
er-
is
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The solid lines in Fig. 5 have been calculated assuming n
of negligible random amplitude (!1% of the input power!
and arbitrary phases, being coupled to the incoming wa
Using a sufficiently large set of initial conditions~104 in this
case! by means of random numbers and solving~4! in the
SVEA approximation for each of them, we obtain the av
age power being transmitted through the cell by the differ
waves. The calculation is performed with typical paramet
for E7 from the literature@1# and the cell thickness impose
in our experiment ofd5100 mm. There are two adjustabl
parameters in each theoretical curve shown in Fig. 5. T
first one is trivial and simply scales the vertical axis to adj
the curves to the arbitrary units of the experiment. The s
ond one scales the horizontal axis and has a physical or
If we knew the exact area (A) of the waist at the focal poin
of the first lens in Fig. 2~a! we could transform the intensity
(I ) into an incident electric field throughE25I /ce0A. We
estimate the spot diameter of the laser on the sample to b
the order of 0.1 mm, but a factor of 2 error in this valu
~which leads to a factor of 4 in the area! could be easily
admitted. It is better to use an adjustable parameter to s
the horizontal axis of the calculations in Fig. 5 to obta
closest agreement with the experiment. Although the cro
polarized signals in Fig. 5 seem to increase faster than
calculations after the plateau, the general agreement betw
theory and experiment is regarded as excellent. In particu
the decrease in the parallel polarized signals and the sim
taneous presence of a plateau in the crossed ones is corr
predicted. Further improvement in the comparison with
experiment can be achieved by introducing phenomenol
cal losses in the nonlinear system of equations~4!.

It is probably worth noting at this stage that the generat
and coupling of noise with the pump is a coherent proce
but two independent fluctuations occurring at different tim
are of course incoherent with respect to each other. The t
transmitted intensity in the theoretical curves of Fig. 5
therefore calculated as an incoherent sum of the differ
initial conditions imposed by the noise, due to the fact th
the signal is integrated over a long (; 10 sec! interval. The
characteristic time for fluctuations,@8,9# however, is fixed by
the director dynamics and is typically in the millisecon
range. This is very long in comparison with the time it tak
the light to travel to an external mirror and come back to
cell for typical laboratory dimensions. In this manner, o
can take the cross-polarized beam generated by noise
amplified coherently with the pump by SOS, rotate it, refle
it on a mirror, and mix it again with the input beam insid
the cell. The beam will be coherent with respect to the pu
under these circumstances and this is the method for obs
ing phase conjugation@13# using SOS. It is normally called
self-starting phase conjugationbecause the noise triggers th
process.

IV. FOUR-WAVE MIXING
AS A PHOTONIC CRYSTAL PROBLEM

We now turn to a different aspect ofx (3) nonlinearities.
The aim of this section is to show the equivalence betw
the four-wave mixing equations~4! and the problem of cal-
culating the electromagnetic bands in a multilayer
in other words, in a one-dimensional~1D! photonic
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crystal @15#. Toward this end, let us assum
uE2u5uE4u5uEpumpu@uE1u, uE3u in ~4!, i.e., the amplitudes o
two of the beams are much larger than the other two,
will be called pump beams. The fieldsE1 and E3 will be
called probe and diffracted beams, respectively. We ass
v25v45vpump andv15v35v. The wave vectors of the
pump beams form an angleb5kW2•kW4 /ukW2uukW4u between
them. It is also considered that any change in the intens
of the pump beams is so small, that they are to be consid
constant for computational purposes; in other words, ther
negligible amplificationor depletionof the beams, in con-
trast to the preceding section. Under these circumstance
can approximately decouple the four equations~4! into two
pairs, one for the pump beams and one for the probe
diffracted beams. The equations for the pumps read

S ¹21
n2vpump

2

c2 DE253m0vpump
2 x~3!E2@ uE2u212uE4u2#

~8!

and

S ¹21
n2vpump

2

c2 DE453m0vpump
2 x~3!E4@ uE4u212uE2u2#.

~9!

Thence, there are nointerferenceterms Ŝ2,4 which are of
order;uEprobeu2 but both beams phase modulate each oth
This is the two-beam interaction throughx (3) mentioned in
Sec. II. Since both beams have the same modulusuEpumpu the
amount of modulation is the same for both. The two eq
tions ~8! and ~9! can be rewritten as

S ¹21
ñ2vpump

2

c2 DEq50, q52,4 ~10!

whereñ25n229m0vpump
2 x (3)c2uEpumpu2 is therenormalized

index of refraction due tox (3). Equation~10! implies that the
interference pattern betweenE2 andE4 is slightly changed
by the presence ofx (3) because the effective wave vector f
propagation is changed fromnkW to ñkW . This effect is never-
theless small and we can ignore it for the pumps. We the
fore consider the interference pattern of the two pumps a
they were a linear medium. We assume the two beams t
polarized along the same direction. The two pumps will p
duce an intensity pattern of the form

I pump}~E21E4!~E21E4!*

52uEpumpu2@11cos„~kW22kW4!rW…#, ~11!

which comprises a constant term and an interference gra
}cos@(kW22kW4)rW#. The grating has planes of constant pha
perpendicular to (kW22kW4).

We now obtain the other two decoupled equations for
probe E1 and the diffractedE3 beams. We assume bot
fields E1,3 for the time being to be polarized in the sam
direction ofE2,4. The interesting part of the physics for the
beams comes from the interference termsŜ1,3 which are now
Þ0 and of orderuEpumpu2. There is a renormalization of th
index of refraction coming from the terms}Dx1,3 and the
d
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constant part of the interference grating in~11!. Notwith-
standing, this renormalization is the same for both beam
in ~10!, and we absorb it in an effective indexñ. The equa-
tions read

S ¹21
ñ2v2

c2 DE15v2zcos@~kW22kW4!rW#E3 , ~12!

and

S ¹21
ñ2v2

c2 DE35v2zcos@~kW22kW4!rW#E1 , ~13!

with z56m0x
(3)uEpumpu2. This is the essence of the fou

wave mixing problem as carried out in the majority of cas
with a weak probe with respect to the pump reducing
problem of four nonlinear differential equations~4! to two
linear coupled differential equations for the probe and d
fracted beams~12! and~13!. We now define the trivial com-
binationsE15E11E3 and E25E12E3 which, according
to ~12! and ~13! will satisfy

S ¹21
n2v2

c2 DE656v2zcos@~kW22kW4!rW#E6. ~14!

Both equations~14! contain the same information, as w
shall show later, and therefore it suffices to consider o
one. Equation~14! for E1 can be written as

S ¹21
e~rW !v2

c2
DE150, ~15!

where e(rW)5ñ22c2zcos@(kW22kW4)rW# is a position-dependen
dielectic functionrepresenting the 1D periodic modulatio
with wave vectorkW22kW4 induced by the pump beams. Th
reader will recognize immediately~15! as the Maxwell equa-
tion for the electric field of the light in a dielectric layere
system which has, in this case, a modulation proportiona
e(rW)}cos@(kW22kW4)rW#. The equation forE

2 is equal to~15! but
with e(rW)5ñ21c2zcos@(kW22kW4)rW#, which is the same grating
but displaced by a constant phasef56p. Note that the
description of both the probe and diffracted beams hinges
the problem of finding the bands in a grating for onlyone
field E1. The reason for this will soon be clear.

As in any standard band structure in a 1D layered syst
two cases can be easily distinguished: off- and on-a
propagation with respect to the axis of the grating alongz

@zi(kW22kW4)#. We consider first on-axis propagation for sim
plicity. The meaning of this in terms of the phase-matchi
condition shown in Fig. 1 is given in Fig. 8. Equation~15! is
solved by expanding the field into a Fourier series of
form

E~z!5(
G

A~G!ei ~kz1G!z, ~16!

with G50, 6ukW22kW4u, 62ukW22kW4u, . . . , etc. The photonic
band structure along the axis of the grating is therefore tra
formed into the eigenvalue problem@14#
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(
G8

k̂~G2G8!~kz1G8!2A~G8!5
v2

c2
A~G!, ~17!

wherek̂(G2G8) is the Fourier transform of the inverse o
the position-dependent dielectric function

k̂~G!5
1

aEadzeiGz
1

e~z!
, ~18!

with a52p/ukW22kW4u.
Consider a typical example of grating formation throu

x (3) in a liquid crystal. As explained in the introduction
several mechanism can contribute tox (3). Let us consider for
simplicity those situations in whichx (3) comes mainly from
molecular reorientations. This is a case that has been ex
sively studied in the literature@21,28–30# and therefore we
do not repeat its derivation. The important point for our p
poses is that the reorientation can form a grating with typ
parameters in the rangec2z;1021–1023, while
ñ2;2.2–2.5. Accordingly, we expand

1

e~z!
;

1

ñ2
1
2c2z

ñ4
~ei uk

W
22kW4uz1e2 i ukW22kW4uz!, ~19!

and obtain fork̂(G) in ~18!

k̂~G!5
dG,0

ñ2
1
2c2z

ñ4
@dG,2ukW22kW4u1dG,1ukW22kW4u#. ~20!

FIG. 8. ~a! Pump beams forming a grating alongkW22kW4. The
beams are assumed to be copolarized perpendicular to the pla

the page.~b! On-axis propagation. Both the probekW1 and diffracted

kW3 beams are alongkW22kW4, and satisfy the phase matching cond
tion of Fig. 1~b!. Both polarizations,i and' to the plane of the
page, breed the same bands in this case.~c! Off-axis propagation.
This case produces two different types of bands according to
polarization of the probe and diffracted beams with respect to
pumps. See text for further details.
n-

-
l

By substituting~20! into ~17! ~which is the equivalent of the
nearly free electron model in a weak periodic potentialbut
for electromagnetic waves! the band structure for on-axi
propagation can be solved.

In Fig. 9 we show a band structure for propagation alo
the axis of the grating for typical parameters of a liquid cry
tal. We takeñ 252.25, andc2z51021 and use a basis of 51
planewaves in~17! to solve the bands. A relatively sma
number of plane waves are needed to achieve convergen
~17! due to the special form ofk̂(G) which contains only
one Fourier coefficientÞ0. This is in contrast to norma
photonic band structure calculations where the sharp die
tric interfaces require a basis of;2002500 plane waves
@15#. The grating is taken to be formed by two copolariz
Ar 1 laser beams (l5514.5 nm! at 45° producing a lattice
with G5ukW22kW4u;43107 m21. The full four-wave mixing
problem described by the nonlinear differential equations~4!
has therefore been transformed into a trivial example
bands in solid-state physics. Since the perturbation in ref
tive index~20! is small and has onlyoneFourier component
G, only one gap in first order at the edge of the Brillou
zone in the first band is opened. The other crossings of
bands atkW50 or kz56G/2 have only small splittings from
second or higher order perturbations. The bands can be
beled by a principal numbern and the leading term of the
eigenvectors according to perturbation theory will be

E;ei ~6kz7nG!z. ~21!

Except at the Bragg plane in the gap, where degenerate

of

e
e

FIG. 9. Photonic bands for on-axis propagation in the grat
formed by two interfering copolarized Ar1-laser beams. We use
51-plane waves in~17! to solve the eigenvalue problem. Conve
gence is achieved very easily due to the particular form of
perturbed dielectric function~20!. Wave vectors are normalized b

a/p52/ukW22kW4u and energies by the incident pump frequenc
Note the existence of a gap for energies slightly abovevpump. The
problem is equivalent to the one of electrons in a weak perio
potential and the wave vectors in each band are well approxim
by ~22!.
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turbation theory has to be applied, the eigenvectors will
well described by a perturbation series on~21!. For the low-
est band alongkz , for example,

E;c0e
ikzz1c1e

i ~kz2G!z1c2e
i ~kz22G!z1•••, ~22!

where c0;O(1) and c1,2!c0 of order c1
;ux (3)uuEpumpu2/G, c2;ux (3)u2uEpumpu4/G2, . . . , etc.

The reason why we reduced the probe and diffrac
beams to a single fieldE1 moving in periodic dielectric is
now clearer from~22!. E1 contains all the information in
itself. Since plane waves are not exact eigenvectors of
problem, each selected point in the band structure is ne
sarily a linear combination of plane waves like~22!. The first
term in ~22! represents the probe withkW15kz while the dif-
fracted beam is given by the second leading term in the
turbation withkW35kz2G. Note that this satisfies automat
cally the phase-matching condition@see Fig. 8~b!#. The third
and higher order terms in~22! are nothing butumklapp pro-
cesses@31# as known from electronic bands and appear na
rally in this formalism as a trivial consequence of the exp
sion ~22!. The ratiosuc1u2/uc0u2, uc2u2/uc0u2, . . . , etc., give
automatically the diffraction efficiencies for each proce
Note that this information is condensed in a single calcu
tion for any arbitrary probe energy with respect to the pum

In addition, off-axis propagation contains further inform
tion on the diffraction efficiencies for different polarization
It is well known @15# from the calculation of band structure
for electromagnetic waves that off-axis propagation in a
grating implies a breaking of symmetry. If the axis of th

grating is alongzŴ and the planes of constant phase

cos@(kW22kW4)rW# are along thexŴ -yŴ plane, both polarizationsxŴ

and yŴ render the same bands for on-axis propagation. C

versely, off-axis propagation, for examplekW in the (xŴ2zŴ

plane, distinguishes betweenyŴ and (xŴ2zŴ) polarized waves
@15# and each band contains the information on the differ
diffraction efficiencies as in~22! for the different polariza-
tions, resulting in a massive simplification of the informati
needed for different four-wave mixing processes.

Finally, note that the gap in Fig. 9 predicts no possi
four-wave mixing effect for on-axis propagation and en
gies slightly above that of the laser forming the grating. T
position of this gap can be changed by small amounts
changing the interference angleb between the input beams
but will always exist aroundvpump. Although of very limited
use, the sample behaves formally as a dielectric mirror
strict on-axis propagation at these energies. There will be
evanescent mode at the surface producing 100% refect
of the probe beam but no propagation. This gap is not ab
lute and actually does not exist for off-axis propag
iv
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tion, as known from the theory of dielectric multilayers@15#.
The largest efficiency for the on-axis four-wave mixing pr
cess, given byuc1u2/uc0u2, will be for v slightly below or
above the gap, where the eigenvector is a linear combina
of the form

E;c0~e
ikzz6ei ~kz2G!z!, ~23!

as known from standard band theory.

V. CONCLUSIONS

Several effects related to the presence of a large th
order nonlinear optical susceptibilityx (3) in liquid crystals
have been analyzed. In Sec. III we presented experime
data on stimulated orientational scattering and its interpr
tion as a degenerate four-wave mixing effect producing a
transfer of energy between theo ande rays. Saturation phe
nomena of the pump have been discussed in addition. In
IV we showed how the four-wave mixing equations and t
theory of photonic band structures are intimately related. T
formalism of Sec. IV clearly surpasses the application
liquid crystals. We feel, however, that it is in those materi
wherex (3) is large, and CW experiments can be carried o
that the formalism is most relevant. In materials where fo
wave mixing phenomena have to be studied with hig
energy pulsed lasers~like semiconductors! the additional
complication of the time evolution of the grating exists. T
latter is normally treated within the density-matrix formalis
@17# and would need a time-dependent band structure ca
lation of debatable practical use. In Sec. IV we demonstra
through a simple example how the photonic band struct
approach simultaneously contains data on the diffraction
ficiencies of simple and umklapp four-wave mixing even
and the polarization dependencies for all possible directi
of propagation and incident energies of the probe beam,
sulting in a major compression of information within a ve
simple calculation.

In Sec. IV the case of grating formation by copolariz
beams was treated for simplicity. However, further intere
ing cases exist in laser-induced gratings. An example is
grating formation by cross-polarized beams which results
a continuous change from circular, to elliptical, to linear
polarized waves inside the LC cell, producing a sinusoi
distribution in terms of polarization@1#. These cases shoul
breed interesting ground tests for the photonic crystal
proach to wave mixing.
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